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Abstract

We study the problem of assigning transmission ranges to the nodes
of a multi-hop packet radio network (also known as static ad-hoc wireless
network) so as to minimize the total power consumed under the con-
straint that enough power is provided to the nodes to ensure that the
network is connected. Precisely, we require that the bidirectional links
established by the transmission range of every node form a connected
graph. We call this problem Symmetric Min-Power Connectivity.

Implicit results in previous papers are the NP-Hardness of SYMMET-
RIC MIN-POWER CONNECTIVITY, and a very simple 2-approximation
algorithm. Using similarity with the Steiner Tree problem, we improve
the approximation ratio to 1 + (In3)/2 + ¢, and present a practical al-
gorithm with approximation ratio at most 15/8.

1. Introduction

Ad hoc wireless networks received significant attention in recent years
due to their potential applications in battlefield, emergency disaster re-
lief, and other application scenarios [14, 16]. Unlike wired networks
or cellular networks, no wired backbone infrastructure is installed in
ad hoc wireless networks. A communication session is achieved either
through a single-hop transmission if the communication parties are close
enough, or through relaying by intermediate nodes otherwise. Omnidi-
rectional antennas are used by all nodes to transmit and receive signals.
A single transmission by a node can be received by many nodes within
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its transmission range. This feature is extremely useful for multicast
and broadcast communications. For the purpose of energy conservation,
each node can dynamically adjust its transmitting power based on the
distance to the receiving node and the background noise. In the most
common power-attenuation model [11], the signal power falls as T% where
r is the distance from the transmitter antenna and & is a real constant
between 2 and 4, dependent on the wireless environment.

Assume that all receivers have the same power threshold for signal
detection, which is typically normalized to one. With these assump-
tions, the power required to support a link between two nodes separated
by a distance r is . A crucial issue is how to find a route with the
minimum total energy consumption for a given communication session.
This problem is referred to as Minimum-Energy Routing [14, 16]. Having
every link established in both directions simplifies the one-hop transmis-
sion protocols by allowing acknowledgement messages to be sent back
for every packet (see, for example [15] . This motivates the study of
the ymmetric in- ower onnectivity problem, where a link is estab-
lished only if both nodes have transmission range at least as big as the
distance in between them, and the goal is to ensure that the network is
connected.

Formally, given a set of points (representing the nodes in the
network in (the two-dimensional uclidean space or in (the
three-dimensional uclidean space , a transmission range assignment is
a function r . A uni irectiona in is established when
7( . A i irectiona in is established when r(
and 7( . The ymmetric in- ower onnectivity problem asks

to assign a transmission range to every point of  such as to minimize
r( * (where £ is a real number a between 2 and 4 , subject to
the constraint that the graph ( is connected, where is the set of
bidirectional links given by the transmission range r.
Implicit in the work of lementi, enna, and ilvestri[ ]isa proof that
is -Hardin . Therefore,
we search for e cient approximation algorithms. The er ormance ra-
tio o an a 710 imation a gorit m  for a minimization problem is the
supremum, over all possible instances , of the ratio between the weight
of the output of when running on and the weight of an optimal solu-
tion for . Wesay isan -a fro imation a gorit m if its performance
ratio is at most . The smaller the performance ratio, the better.
irousis, ranakis, rizanc, and elc [ |, based on the minimum
spanning tree, give a 2-approximation algorithm (they actually design
their algorithm for a related problem, which we discuss in ubsection
1.1.



Our mainresultisal 1In approximation scheme for
, and a more practical 15 approxi-
mation algorithm. These results are obtained by observing similarities
to the classic teiner Tree problem. pecifically, several approximation

algorithms for can be modified to give approximate so-
lutions to . These results are
described in ection

A1l these algorithms are also applicable to nodes taken from . In

fact, our algorithms, being designed to work in graphs, succeed in more
general models, such us the case when obstacles completely block the
communication in between certain pair of nodes.

The ymmetric Unicast problem asks to assign a transmission range
to every point of  such as to minimize r( %, subject to the
constraint that two given points and are connected in the graph
( , where is the set of bidirectional links given by the transmission
range r. We show that ymmetric Unicast problem can be solved by a
shortest-path computation, in a bigger graph whose construction we
describe in  ection 4.

1.1 td or

revious research concentrated on what we call the asymmetric mo e,
in which a unidirectional links give raise to a directed graph on . Four
problems have been studied, all with the objective of minimizing the
total power r™( .

First, the Asymmetric Unicast problem requires establishing a mini-
mum power directed path from a source to a destination , and is easily
solved in polynomial time by shortest-path algorithms.

econd, the Asymmetric roadcast problem [14, 16] required estab-
lishing a minimum power arborescence rooted at a given vertex . Im-
plicit in the work of lementi, enna, and ilvestri [ | is a proof that

is  -Hard when the nodes are in . The
best known approximation algorithm for 1],
based on the a minimum spanning tree, has performance ratio 12 when
the nodes are in

Third, in , one is given a root and a set
of terminals , and the goal is to establish a minimum-power branching
rooted at  which reaches all the vertices of . As a generalization
of is also -

7
Hard, and based on the work of [1 ], it is immediate that a minimum
teiner tree would give an approximation ratio of 12 , where is the



approximation for teiner tree in graphs (the best result known at this

moment, given in [1 ], is 1 in
Fourth, in , proposed by irousis,
ranakis, rizanc, and elc | |, the objective is establishing a strongly
connected subgraph of . [ ] prove that
is -Hardin , and, based on the minimum spanning tree, give
a 2-approximation algorithm. As opposed to the
approximation of [1 ], the ap-

proximation of | | is valid in arbitrary graphs (that is, the distance in
between two points could be arbitrary, not necessarily uclidean . [ ]
give an elaborate reduction proving that
is -Hard in

We remark that due to the need of establishing bidirectional connec-

tions, and
are the same problem. In the next section, we discuss in

detail the ymmetric in- ower onnectivity problem, based mainly
on an alternative formulation.

. r i in ri
First, we remark that the reduction of [ | proves that
is -Hard in , as the radio bridges
in the gadgets in the canonical form ( efinition on page 12 0of [ ] can
always be made to be bidirectional links.
As any connected graph contains a tree, an equivalent formulation of
is given below. For a tree

with set of vertices and set of edges , let 7 ( max "
efine the power-cost of to be

Then the ymmetric in- ower onnectivity problem asks for selecting
a spanning tree with minimum power-cost.

In the following we use only the formulation given above find a min-
imum power-cost spanning tree. We define the cost of the unordered
pair to be ( ®. Then, for a tree ( , we have
7 ( max (. This allows us formulatre our problem in
weighted graphs.

iven
a connected graph ( with costs on edges, find a spanning
tree of with the minimum power-scost.



All our algorithms work for the weighted-graph version of
they do not assume any geometrical
properties. From now on, we only use the weighted-graph version.
laim 2 of Theorem .2 of [ | is equivalent to

( 2 ( ere ( (
For the sake of completeness, we include their proof

( max ( 2 (

We denote by (  the maximum cost of an edge of , and let be

a vertex incident to an edge of maximum cost. If we root the tree  at

, and use  to denote the parent of in , since 7 ( ( and
7 ( (, we conclude that

( ( ( (1

Therefore, if is the minimum spanning tree with respect to
and is the tree with minimum power-cost, we have (
2 ( 2 ( 2 ( . 0 computing the minimum span-

ning tree with respect to gives a 2-approximation for
, a result implicit in [ ].
In fact, the following example shows that the ratio of 2 given above is
tight, even if the points are all on a line. et all the points be on one axis,

with  having coordinate , for 1 1, and  having coordinate
, for 1 . Then the minimum spanning tree T has edges
and 1, for 1 . Therefore ( 2 (1

On the other side, the tree  with edges and 1, for 1 ,

has ( 1 . If we allow and , we obtain that

( ( 2.

Our results which improve the approximation ratio under 2 are based

on similarities in between and
the classic teiner Tree problem, defined below. iven an edge-weighted
graph ( and a subset of vertices , a teiner tree is a
connected subgraph of  which contains . The teiner Tree problem

asks for finding the minimum weight teiner tree. An algorithm based
on computing a minimum spanning tree in the complete graph  with
the weight of an edge being the minimum distance in  in between the
terminals has approximation ratio 2 [4, 1 |. elikovsky [1 | provided the
first algorithm with approximation ratio less than 2 using -restricted

teiner trees and the concept of gain, he obtained a 11 6 approxima-
tion ratio. imilar concepts, to be defined in ection , can be used



also for . amerini, albiati,
and a oli [2], extended by of rummel and teger [12], give 5 -
approximation algorithms for the teiner Tree problem, by finding an
almost optimal -restricted teiner tree. The best known approximation
ratio, obtained by obins and elikovsky [1 ], also using the concept of
oss,is1 Lln . As described in ection , the algorithms of [1 ],
[12], and [1 ] can be suitable modified to give the same approximation
ratio to .
We are not aware of a construction which will allow an instance of
to be reformulated as an in-
stance of teiner Tree. In fact, some heuristics, such as
the 1- teiner algorithm [6], do not seem to adapt for
. There is an immediate reduction from
to the ode-Weighted teiner
Tree problem (problem described, for example, in [ | , but ode-Weighted
teiner Tree does not have a constant time approximation algorithm, un-
less

. trict d ro ¢ to tric
in o r onn cti it

We first give definitions of -restricted decompositions and prove up-
per bound on the power-cost of such decompositions. Then we will
describe approximation algorithms whose approximation ratios follow
from the approximation ratios of teiner tree algorithms in graphs.

Ad trict d co o ition

A -restricted decomposition of the tree is a partition of into
subtrees 1 each containing at most vertices such that each
edge of  belongs to exactly one subtree . The power-cost (  of

defined to be the sum of power-costs of all its elements

( (

or any eig te tree t ere is a 2 -restricte ecom o-
sition o  suc t at ( (1 1 (

Without loss of generality we can assume that all edge costs are

di erent. et the endpoints r and of the heaviest edge of be the
roots of , which means that two subtrees of are rooted at r and
, respectively. Then each vertex of , except r and , has a unique
parent. For each vertex of we sort all children in the increasing order



of costs of edges connecting them to the parent. For the heaviest child
of a vertex we set ( . For each other child ( ,
( denotes the next heaviest sibling of

We now construct a rooted directed binary tree  as follows. The
vertices of  are the edges of and the root of is the heaviest edge
of . The edges of consists of arcs ( ( for each edge of

. It is immediate that every vertex of has at most two incoming
arcs one is from the previous sibling and the other is from its child (if
is the root then these two arcs are from two children of  and ,
respectively .  ote that each vertex of  has cost since it is an edge of

et  bethe set of verticesof in distance from the root . There is
an integer such that ( 1y L,
and let . emoval of every edge outgoing from
decomposes  into subtrees corresponding to subtrees of . The
number of vertices in is at most 2 1 since is a binary tree of

height at most 1. Therefore, each  has at most 2 vertices. We
denote by  the 2 -restricted decomposition of into  s.

et ( be the root of  (note that , y the con-
struction of , we have that max ( (. Then we
have

( ( max

For , the sets  ( and ( are disjoint. We conclude
that

or any eig te tree t ere is a -restricte  ecom 0Si-
tion o  suc tat ( - (



y induction on , the number of vertices of the tree, with the

base case obvious. Assume is the minimum cost edge in the tree
(with ( ,and let 1 and  be the two trees obtained from
after removing the edge . et ( ( (, for any edge
in {orin

y induction, there are -restricted decompositions 1 of 1 and
of suchthat ( ;1 - (1 and ( - (. We also assume

that ; and are fork-maximal , in the sense that no two edges can
be merged in fork (such a merging decreases the power-cost . We count

the number of forks in | and in . Assume has  vertices, and
has  forks and single edges. Then 2 1. As is
power-maximal, we also have that 2 1. Also, 1 . et
be the partition of obtained from 1, ,and . Then we have
( (1 ( (1 24 2 2
while
( (1«
oitsu cestoshowthat | 2 1 2 2 - , which follows
immediately from the the equations on , ,and above. [ |
. roi tion orit

ased on the results of [2] or [12] and Theorem , it is immediate t
there exists an algorithm with the approximation ratio - .

et  be the supremum, over all trees , of the ratio of the power-cost
of the minimum power-cost -restricted decompositions to the power-

cost of . Theorem 2 implies that 1 —'— Theorem implies
that 4, and roposition 1, together with the following example,
implies that 2. In order to obtain better approximation ratios we

can approximate the minimum power-cost -restricted decompositions.

In teinertrees, -restricted decompositions correspond to -restricted

teiner trees. elow we translate the teiner tree terms into the language
of decompositions.

For a set of vertices , denote by ( the minimum cost of a
spanning tree. For a tree  connecting some vertices from , we denote
the set of vertices  after contracting of , i.e., collapsing all
vertices of  into a single vertex. et gain of a subtree ( ,be

(2 C 2

It has been proved in [1 | that the reedy Algorithm (see Figure 1 has
approximation ratio at most equal to the arithmetic mean of and
Thus we have



A complete graph ( with edge costs
A -restricted decomposition connecting all vertices in

(

Find a triple  with the maximum r (
T

tgure 1.  The reedy 3-restricted Igorithm

ere is a o ynomia -time a gorit m or
it a ro imation ratio at most 15

The o0ss of a subtree  is defined to be

( ( (

ett e gain o a su tree e nonnegati e ent e o0ss
0 15 at most a o its cost
If gain is positive, then ( 2 2 and
therefore ( ( ( ( ( ( ( 2
( 2 n
It has been proved in [1 | that if lim 1, and the loss is at

most half of cost, then the oss- ontracting Algorithm (see Figure 2
has the limit approximation ratio 1 ~—.

. tric nic t

This section considers the ymmetric Unicast problem, and presents
a simple construction which allows ijkstra s shortest-paths to provide
an optimal solution.

The ymmetric Unicast problem can be reformulated as follows  iven

a set of points , a source and a destination , select a min-
imum power-cost path . The power-cost of a path is obtained
by noticing the path is a tree.

The following example shows that a minimum cost path is not

always a minimum power-cost path. Assume k 2, and vertices |,



A complete graph ( with edge costs and an
integer
A -restricted decomposition connecting all vertices in
(
Find a -restricted tree =~ with the maximum r ( (
r

tgure 2. The -restricted oss-Contracting lgorithm ( - C ).

,and form a isoscel triangle with a right angle at . Then the path

an the path have the same cost , but has power-cost
- , while has power-cost 2
can still be solved by a shortest-path com-
putation, in a specially constructed directed graph ( , de-
scribed below. et ( , the set of ordered pairs
of points from . For any , assume 1 is an order-
ing of  in nondecreasing order of , and therefore 1 . For
1 , put an arc of weight from ( to ( , and an
arc of cost " * from ( to ( . Also, put arcs of cost
® from ( to ( and from ( to (
It is immediate that and ( . A shortest path
in  from ( to ( corresponds to a minimum power-cost  path.
ijkstra s algorithm with Fibonnaci heaps implementation in  runs in
time  ( log [5], and in conclusion we have
as an log a gorit m
. cno d nt

The first author wished to thank oseph heryan, Francisco aragoza,
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project.
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